Abstract. Let M be a module over a commutative ring R, and let T (M ) be its set of torsion elements. The total torsion element graph of M over R is the graph T (Γ(M )) with vertices all elements of M , and two distinct vertices m and n are adjacent if and only if m + n ∈ T (M ). In this paper, we study the basic properties and possible structures of two (induced) subgraphs T or 0 (Γ(M )) and T 0 (Γ(M )) of T (Γ(M )), with vertices T (M ) \ {0} and M \ {0}, respectively. The main purpose of this paper is to extend the definitions and some results given in [6] to a more general total torsion element graph case.
Introduction
The concept of the graph of the zero-divisors of a ring was first introduced by Beck in [12] when discussing the coloring of a commutative ring. For the vertices of the graph, he takes all elements of a commutative ring R and two distinct vertices a, b ∈ R are adjacent if ab = 0. There are many ways to associate a graph to a given ring R. The most well-known is certainly the zero-divisor graph Γ(R) introduced in [9] whose vertices are the nonzero zerodivisors of R. Some properties of this graph may be found in [5] and [10] . In [8] , Anderson and Badawi define, for a commutative ring R with nonzero identity, its total graph Γ(R). The set of vertices of this graph is R and two different elements x, y ∈ R are adjacent if and only if x + y ∈ Z(R) which Z(R) is the set of all zero-divisors of R. For a recent generalization of this type of graph see [7] and [11] . Let M be a module over a commutative ring R and let T (M ) be the set of all torsion elements of M . In [14] , the notion of the total torsion element graph of a module over a commutative ring is introduced and denoted by T (Γ(M )), as the graph with all elements of M as vertices and for distinct m, n ∈ M , the vertices m and n are adjacent if and only if m+n ∈ T (M ). They characterize the girths and diameters of T (Γ(M )) and two (induced) subgraphs T of (Γ(M )) and T or(Γ(M )) with vertices T of (M ) = M \ T (M ) and T (M ), respectively. Some other investigation into properties of total torsion element graph of a module over a commutative ring may be found in [1] , [2] and [13] . In [6] , Anderson and Badawi studied the two subgraphs Z 0 (Γ(R)) and T 0 (Γ(R)) of T (Γ(R)), with vertices Z(R)\{0} and R\{0}, respectively. They determined when Z 0 (Γ(R)) and T 0 (Γ(R)) are connected and computed their diameters and girths.
Throughout this paper all rings are commutative with nonzero identity and all modules are unitary. In this paper, we consider the (induced) subgraphs T or 0 (Γ(M )) of T or(Γ(M )) and T 0 (Γ(M )) of T (Γ(M )) obtained by deleting 0 as a vertex. Specially, T or 0 (Γ(M )) (respectively, T 0 (Γ(M ))) has vertices T (M ) * = T (M ) \ {0} (respectively, M * = M \ {0}), and two distinct vertices m and n are adjacent if and only if m + n ∈ T (M ).
A proper submodule N of an R-module M is said to be a prime submodule if whenever rm ∈ N for some r ∈ R, m ∈ M , then m ∈ N or rM ⊆ N , so (N : M ) = P is a prime ideal of R, and N is said to be a P -prime submodule (see [15] ). The set of all prime submodules of an R-module M is denoted by Spec R (M ). In Section 2, we define torsion prime submodules of an R-module M by [3, Theorem 3.3] . The intersection of all torsion prime submodules of M denoted by rad T (M ). The study of T or 0 (Γ(M )) and T 0 (Γ(M )) breaks naturally into two cases depending on whether or not rad T (M ) is zero and on the number of torsion prime submodules of M . In Sections 3 and 4, we determine the diameter and girth of subgraph T or 0 (Γ(M )) of T 0 (Γ(M )). In Section 5, we consider the graph
when M is a cyclic R-module and |M | ≥ 4 and we determine its girth. Also we show that if R is not an integral domain and T 0 (Γ(R)) is connected, then T 0 (Γ(M )) is connected for every R-module M .
For the sake of completeness, we state some definitions and notations used throughout. For a graph Γ, by E(Γ) and V (Γ), we denote the set of all edges and vertices, respectively. We recall that a graph is connected if there exists a path connecting any two distinct vertices. The distance between two distinct vertices x and y, denoted by d(x, y), is the length of a shortest path connecting them (if such a path does not exist, then d(x, x) = 0 and d(x, y) = ∞). The diameter of a graph Γ, denoted by diam(Γ), is equal to sup{d(x, y) : x, y ∈ V (Γ)}. A graph is complete if it is connected with diameter less than or equal to one. The girth of a graph Γ, denoted gr(Γ), is the length of a shortest cycle in Γ, provided Γ contains a cycle; otherwise; gr(Γ) = ∞. We denote the complete graph on n vertices by K n and the complete bipartite graph on m and n vertices by K m,n (we allow m and n to be infinite cardinals).
Torsion subset of a module
We devote this section to the set of torsion elements of an R-module M . We define torsion prime submodules of M and collect some basic properties of them which we will use throughout this paper. We first begin with the following result that is proved in ([3, Theorem 3.3] ).
Theorem 2.1. Let M be a module over a commutative ring R and T (M ) = M . Then T (M ) is a union of prime submodules of M (see [3, Theorem 3.3] ).
Corollary 2.2. Let M be a module over a commutative ring R and
Proof. It is clear by Theorem 2.1.
, is defined to be the intersection of all torsion prime submodules of M . If there is no torsion prime submodule of M , then we put rad
We have the following lemma containing several results which we will use in throughout this paper.
, then rm = 0 for some nonzero element r ∈ R. So m = 0, since 0 is a prime submodule of M .
(5) Assume that r ∈ Z(R) and m ∈ M . Then rs = 0 for some nonzero element s ∈ R, so s(rm) = 0. Thus rm ∈ T (M ). Conversely, suppose that x ∈ M \ T (M ), then rx ∈ T (M ). So t(rx) = 0 for some nonzero element t ∈ R. If tr = 0, then x ∈ T (M ) which is a contradiction. Thus tr = 0 as required. Proposition 2.4. Let M be a module over a commutative ring R with
Proof. (1) Let L 1 be a P 1 -prime submodule and L 2 be a P 2 -prime submodule of M . Since Z(R) = 0, so P 1 , P 2 = 0 by Lemma 2.3. Therefore
(2) Let L 1 be a P 1 -prime submodule and K be a P -prime submodule of M . We must show that P 1 = P . By (1), it is clear that P 1 ⊆ P . On the other hand We first study the case when M is not a T -reduced R-module. 
We define the torsion distance between two distinct vertices m and m ′ , denoted by d T (m, m ′ ), to be the length of a shortest torsion path connecting them (if such a path does not exist, then d T (m, m) = 0 and
Definition. Let L and K be two distinct torsion prime submodules of an Rmodule M . We say that there is a torsion path between L and K, if there exists a torsion path from x to y for some x ∈ L * and y ∈ K * . We define the torsion distance between two distinct torsion prime submodules L and K, denoted by d T (L, K), to be the length of a shortest torsion path connecting them (if such a path does not exist, then
We obtain some results concerning T or 0 (Γ(M )) and it's torsion paths by the following lemma.
and L 2 of length n − 1. By similar argument to the above on
Proof. If R is an integral domain, then it is clear that T (M ) is a prime submodule of M and diam(T or 0 (M )) ∈ {0, 1}. So we assume that R is not an integral domain. Let M be a T -reduced R-module and x, y ∈ T (M )
3. Now we consider the following four cases: 
The girth of T or 0 (Γ(M ))
The aim of this section is to show that gr(T or 0 (Γ(M ))) ∈ {3, ∞}. Our answer depends on the number of torsion prime submodules of M .
We first consider the case when M is not a T -reduced R-module. Proof. We next handle the case when M is a T -reduced R-module. 
Proof. Suppose that L 1 , L 2 and L 3 are distinct torsion prime submodule of M . By Proposition 2.4, we may assume that
So, we may assume that We end this section with the following example. 
T 0 (Γ(M ))
In this section, we state a general structure for T 0 (Γ(M )). We explicitly compute gr(T 0 (Γ(M ))). Also, we investigate the relationship of diameters and girths between T (Γ(M )) and T 0 (Γ(M )) with assumption that M is a cyclic R-module.
Assume that d T0 (m, n) denotes the distance from m to n in T 0 (Γ(M )) for 0 = m, n ∈ M . We first show that d T0 (m, n) = d T (m, n). We begin with the following lemma. 
Proof. If m, n are connected by a path in T 0 (Γ(M )), then it is clear that they are connected by a path in T (Γ(M )). Conversely, suppose that
* and x i−1 + x i+1 ∈ T of (M ) (set x 0 = m and x k+1 = n). Let x
is a shortest path from m to n in T 0 (Γ(M )). The "moreover" statement is clear. (
Recall that if T (M ) is a submodule of M , then T (Γ(M )) is not connected [14, Theorem 2.1]. If T (M ) is not a submodule of M , then T (Γ(M )) is connected if and only if M = T (M ) [14, Theorem 3.2] and diam(T (Γ(M )
Proof. The proof is clear.
Theorem 5.4. Let M be a module over a commutative ring R and |M | = 3.
(
Proof. Let |M | = 3. Then M = {0, x, y} with x + y = 0, 2x = y and 2y = x. ( 
Therefore there is no relationship between diam(T or 0 (Γ(M ))) and diam(T 0 (Γ(M ))).
Our next goal is to show that diam(T
We begin with the following theorem. The converse is clear.
Lemma 5.9. Let M be a cyclic module over a commutative ring R with generator m. Let n ≥ 2 be the least integer such that
, we have M = x, x + y 1 , y 1 + y 2 , . . . , y k+1 + m . Since M is generated by k + 1 elements of T (M ) and diam(T (Γ(M ))) = n, so n ≤ k + 1 by [14, Theorem 3.3] . Therefore k ≤ n ≤ k + 1; so either k = n or k = n − 1 as required.
(2) Suppose that n is an even integer.
So we have m ∈ x + y 1 , y 1 + y 2 , . . . , y k−1 + (m − x) . Then M is generated by k elements of T (M ). Thus n ≤ k by [14, Theorem 3.3] . So k = n which is a contradiction. 
. Then M is generated by k + 1 elements of T (M ). Hence n ≤ k + 1. Thus n = k + 1, which is a contradiction, since n is an even integer but k + 1 is an odd integer. So
(5) Assume that n is an odd integer and x ∈ T (M ) 
* . So |L α | = 2 for every α ∈ Λ. Hence the intersection of any two distinct L α 's is {0} and so |Λ| = 2 by Proposition 2.4. The "moreover" statement follows directly from the above arguments. (1) and (2) are clear.
Recall that if R = Z 6 and M = R as an R-module, then M is a T -reduced module and gr(T or 0 (Γ(M ))) = ∞ by Example 4.3. But1−3−5−1 is a 3-cycle in T (Γ(M )) and T 0 (Γ(M )). So gr(T (Γ(M ))) = gr(T 0 (Γ(M ))) = 3. Therefore the converse of Lemma 5.13 is not true. Now, we explicitly determine gr(T 0 (Γ(M ))). The proof breaks naturally into two cases depending on whether or not M is a T -reduced R-module.
Theorem 5.14. Let M be a non-T-reduced R-module. Then gr(T 0 (Γ(M ))) ∈ {3, 4, ∞}.
Proof. Let M be a non-T-reduced R-module. Then gr(T or 0 (Γ(M ))) ∈ {3, ∞} by Theorem 4. 
